Chiral extrapolation of SU(3) amplitudes 
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Abstract. Approximations of chiral SU (3) amplitudes at NNLO are proposed to facilitate the extrapolation of lattice data to 
the physical meson masses. Inclusion of NNLO terms is essential for investigating convergence properties of chiral SU (3) 
and for determining low-energy constants in a controllable fashion. The approximations are tested with recent lattice data for 
the ratio of decay constants Fk/F k . 
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MOTIVATION 



the so-called irreducible contributions [6, 4] 



Lattice QCD has made enormous progress in the light 
quark sector. Since most lattice studies employ quark 



masses with m [ ^ mce > wi^ hys an extrapolation in meson 
masses is needed. Although chiral perturbation theory 
(CHPT) amplitudes [1] are available to NNLO for most 
quantities of interest [2] the NNLO contributions are usu- 
ally quite involved. In addition, they are mostly available 
only in numerical form for chiral SU(3). 

In the lattice community, the convergence properties 
of chiral St/ (3) are generally considered problematic. 
For a thorough discussion of this issue, NLO amplitudes 
are not sufficient. Moreover, using quark masses with 
^lattice < m P hys would be very useful for assessing the 
convergence properties of chiral SU (3) [3]. 

Tuning the quark masses offers a new environment for 
extracting chiral low-energy constants (LECs). This is 
especially welcome for LECs that are difficult to access 
phenomenologically, both at NLO and at NNLO. 

For all these reasons, analytic approximations of 
NNLO CHPT amplitudes are expected to be very use- 
ful. In this talk, I describe recent attempts to derive such 
approximations [4] that are 

• more sophisticated than the double-log approxima- 
tion [5], 

• yet much simpler than the full numerical expres- 



CHPT AT NNLO 

A compact representation of CHPT is in terms of the 
generating functional of Green functions [1]. The NNLO 
functional Zg of 0(p 6 ) is itself a sum of different contri- 
butions shown pictorially in Fig. 1. 1 concentrate here on 



7 a+b+d+g 



(i) 



2ri i) ( M )L 



i 



{Anf 



Hj(x;M) 



{An) 



O a {x) 



-K(x;M) 



The C a are LECs of 0(p 6 ), O a {x) the associated mono- 
mials of the chiral Lagrangian [7]. The chiral log L is 
given by L = 1 /{An) 2 \nM 2 / jx 2 , L\ are LECs of 0(p 4 ) 
and Fq is the pseudoscalar decay constant in the chi- 

(i) 



ral SI/ (3) limit. The coefficients F a 



ri 2) and F { a L) are 
listed in Ref. [6]. Hi(x;M) (1-loop) and K(x;M) (2-loop) 
are nonlocal functionals. Zg 
pendent of both scales fl,M. 
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APPROXIMATIONS 

The drawback of the explicit form of the generating func- 
tional of 0(p 6 ) for chiral SU (3) is that the 2-loop contri- 
bution K(x;M) is in general only numerically available. 
The approximation suggested in Ref. [4] (referred to as 
Approximation I from now on) has the following proper- 
ties: 

• K(x\M) (and the reducible 2-loop contributions) are 

dropped; 
■ All chiral logs are kept; 
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is still invariant with respect to the renor- 



malization scale ji\ 

The residual dependence on the scale M (appearing 
only in the chiral log L) is the only vestige of the 
2-loop part; 
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FIGURE 1. Skeleton diagrams for the generating functional Zg of 0(p 6 ). Simple dots, crossed circles, black box denote vertices 
from LO, NLO, NNLO Lagrangians, respectively. Propagators and vertices carry the full tree structure associated with the lowest- 
order Lagrangian. 



• Approximation I respects the large-A^- hierarchy of 
0(p 6 ) contributions: 

C a ,L(Lj — > L,xloop — > 2-loop 

• Only tree and 1-loop amplitudes are needed; 

• Unlike the double-log approximation [5], it allows 
for the extraction of LECs with the correct scale 
dependence. 

One important question remains to be answered: how 
trustworthy is this approximation? As the following ex- 
amples will show, the answer depends on the quantity 
under consideration. 

APPLICATIONS 

F K /F K 

The ratio of pseudoscalar decay constants Fk/F k ex- 
hibits a picture-book type of chiral expansion as shown 
in Table 1 . The separately scale-dependent contributions 
of 0(p 6 ) are given for ji = 770 MeV. The entries for "nu- 
merical results" were provided by Bernard and Passemar 
(Ref. [8] and private communication). 

For an St/ (3) quantity normalized to one at LO, suc- 
cessive terms in the chiral expansion are expected to 
show the following generic behaviour: 

0( P 4 ) 0( P 6 ) 0{jfi) 

<0.3 <0.3 2 = 0.09 < 0.3 3 = 0.027 

This suggests as criterion for an acceptable NNLO ap- 
proximation that the accuracy should not be worse than 3 
%, the typical size of a term of 0(p ). Table 1 shows that 



this criterion is only barely met by Approximation I. A 
possible modification consists in ignoring the strict large- 
N c counting to include also products of 1-loop functions 
originating from diagrams a,c in Fig. 1. As Table 1 indi- 
cates, this Approximation II [9] satisfies the criterion for 
an acceptable approximation. 

In addition to two combinations of LECs of 0(p 6 ), 
also various L, appear in Fk/F k . At 0(p 4 ), only L5 
enters. We have therefore extracted L5, C14 +C15 and 
C15 + 2Cn from a fit of the recent lattice data of the 
BMW Collaboration [10], using for the remaining L,- (ap- 
pearing only at 0(p 6 )) the values of fit 10 of Ref. [11]. 
The results [4, 9] are displayed in Table 2. The fit- 
ted values of Fk/F k agree with the detailed analysis of 
Ref. [10]. For both Fk/F k and L5, there is practically no 
difference between the two approximations but the LECs 
of 0(p 6 ) show a bigger spread. The results are shown 
for M = Mk- For a discussion of the M-dependence, I re- 
fer to Refs. [4, 9]. The fit also demonstrates that NNLO 
terms are absolutely essential. While the NNLO fit (Ap- 
proximation II) is well behaved (j 2 /dof = 1.2, statistical 
errors only), the NLO fit with the single parameter L5 is 
a catastrophe (j 2 /dof = 4). 



Other applications 

Fx/Fq in chiral SU (3 ). From the chiral point of view, 
the interest is not so much in "deriving" F K from lattice 
data but rather to extract the still badly known Fq and the 
NLO LEC L4. Fq sets the scale of the chiral SU(3) ex- 
pansion and is therefore essential for an appraisal of con- 
vergence properties. The comparison of Approximation 



TABLE 1. Chiral expansion of F K /F K - 1 





0(P 4 ) 


2-loop 


0( P 6 ) 
L/x loop tree 


numerical results [11,8] 


0.14 


0.002 


0.051 0.008 


Appr. I (M = Mk) 




- 0.030 




Appr. II (M = M K ) 




-0.011 





TABLE 2. Fit results for F^/Fn and LECs (statistical errors only) 





F K /Fn 


10 3 L^ 10 3 (Cf 4 +C[ 5 ) GeV 2 


10 3 (C[,+2Cf 7 ) GeV 2 


Appr. I (M = M K ) 


1.198(5) 


0.76(9) 0.37(8) 


1.29(16) 


Appr. II (M = M K ) 


1.200(5) 


0.75(9) 0.20(7) 


0.71(15) 


BMW [10] 


1.192(7) stat (6) syst 







I with available numerical results (Ref. [8] and private 
communication) is very encouraging in this case [9]. 

A73 vector form factor f + (t). A crucial quantity for 
a precision determination of the CKM element V us is the 
value of /+(0). For at least two reasons [9], both approx- 
imations discussed here do not appear very promising in 
this case. 

• The chiral expansion of f+(Q) shows a rather atypi- 
cal behaviour. 

• The approximations considered so far do not match 
with available numerical results [12, 13, 8]. 

CONCLUSIONS 

1. We have provided user- friendly extrapolation for- 
mulas [4, 9] for Nf = 2 + 1 lattice data. 

2. The proposed approximations are superior to NLO 
and chiral double-log approximations and should be 
useful for investigating the convergence properties 
of chiral 517(3). 

3. They allow for the extraction of NLO and NNLO 
LECs with the correct scale dependence. 

4. Analysis of the BMW data [10] for F K /F n provides 
the best available determination of L5, assuming the 
large-A^- hierarchy IL4I, <^L$. 

5. The proposed approximations are intended to be 
used by lattice groups: they offer considerably more 
insight than, e.g., polynomial fits. 



Neufeld. I also thank Veronique Bernard, Steve Gottlieb 
and Emilie Passemar for helpful discussions. 
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